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trén bé mat kaolinite tii ly thuyét phi€ém ham mat dé
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TOM TAT

Trong nghién ctru ndy cac qua trinh trao ddi va hip phu cac cation kim loai dugc khao st sir dung céc tinh
toan theo cac nguyén ly dau tién. Cac két qua thu dugc chi ra rang, cic su trao doi cation hau nhu khong thuan
loi, trong d6 céac vi tri AI** dé thay thé hon Si*". Cac cation kim loai dwoc hdp phu manh mé trén kaolinite & ca hai
mit H-slab va O-slab. Két qua tinh tai phiém ham PBE, kha ning hp phu cic cation kim loai giam theo thir tir
Li* > K* > Na* > Ca>* > AP* > Fe** > Cr** > Mg?". Pang chu y, sy xdm nhap vao cau tric tinh thé ciia kaolinite
dugc phat hién d6i véi Li* va Mg?* & mat H-slab cting v6i su hinh thanh tuong Gmg cac lién két méi Li-O va Mg-O.
Trong khi d6, su xen vio giita cac 16p kaolinite boi cac cation Ca** duge phat hién véi sy hinh thanh céc lién két
Ca-O v6i ca hai mat H-slab va O-slab. Déi voi Na*, K, hay Cr*, sy uu tién & bé mit O-slab trong qua trinh hép phu.
Trong khi d6, AI** va Fe* tao su tuong tac tdt & trén bé mat H-slab. Céc phan tich mat d¢ trang thai va phan bd
mat do electron chimg t6 sy hinh thanh cac lién két cong hoa tri M-O trong qué trinh hip phu. Hon nita, K* dwoc
dé xuat nhu 14 sy bo sung trén bé mit kaolinite d6i voi cac khao sat xa hon vé hap phu va loai bo hiéu qua cac hop
chat hitu co trong cac méi trudng.

Tir khéa: Su trao doi, hcfp phu, cation kim loai, kaolinite, DF'T.

*Tac gia lién hé chinh.
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ABSTRACT

In this study, metal cations exchange and adsorption processes onto kaolinite surfaces are investigated using
first-principles calculations. Obtained results indicate that the exchanges of cations are mostly unfavorable, and
the Al sites are conveniently replaced compared to Si sites. The metal cations are adsorbed strongly onto kaolinite
surfaces at both O-slab and H-slab. The adsorption ability of metal cations decreases in the order of Li* > K* > Na*
> Ca?* > AI* > Fe** > Cr** > Mg?" at the PBE functional. Remarkably, the insertions of Li* and Mg?* into the lattice
structure of kaolinite are found at H-slab following the formation of Li-O and Mg-O new bonds, respectively.
The intercalation into kaolinite by Ca* is observed in forming Ca-O bonds for both H-slab and O-slab. For Na*,
K*, and Cr’*, the favorable attachment is located at the O-slab upon adsorption. Besides, the Al** and Fe** ions
interact preferably on the H-slab. The analyses of the density of states and electron localization function clarify the
appearance of M-O covalent bonds upon the adsorption process. Further, K* is suggested as a promising addition
to kaolinite surfaces for the efficient adsorption and removal of organic compounds in environments.

Keywords: Exchange, adsorption, metal cations, kaolinite, DFT.

1. INTRODUCTION an efficient surface for the adhesion of metal

oL S cations or other cations.®® As a result, kaolinite is
Kaolinite is one of two-layer aluminosilicates, . ] .
one of the potential materials for the adsorption
and removal of heavy metals from aquatic
environments.’ Besides, theoretical approaches
using density functional theory (DFT) provide

insight into the adsorption process of metal

containing the hydrogen-rich surface (H-slab)
and oxygen-rich surface (O-slab). The H-slab
with high positive charge density is favorable for
interaction with organic compounds containing

functional groups such as -OH, -COOH.'?
In particular, the adsorptions of benzene,
n-hexane, pyridine, and 2-propanol on H-slab
are more substantial than those on O-slab.*
Similarly, phenol, toluene, and CO, are adsorbed
preferably on the kaolinite aluminol surface
(H-slab).’ In contrast, the O-slab containing a
sizeable negative charge density is considered

*Corresponding author.

Email: nguyenngoctri@qnu.edu.vn

https://doi.org/10.52111/qnjs.2024.18301

cations on material surfaces.'®

It is noticeable that the exchange of
cations in the material structure leads to
considerable changes in electronic and surface
properties, increasing the applicability of
materials, especially in energy and environment
fields.!® Recently, the alkali activated kaolinite
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has been investigated for antibiotic adsorption.'!
Accordingly, replacing AI**/Si*" on kaolinite with
Na* cations improves adsorption performance.
In another report, the hydrated form of Cd(II)
adsorbed on basal planes of kaolinite (H-slab
and O-slab) was carried out using theoretical
approach.!> Moreover, Cs(I) adsorption on
kaolinite was more convenient for O-slab than
for H-slab.”* Tt can be seen that the hydrated
forms of metal cations and material surfaces in
aquatic environments are quite complex, affected
by various factors such as temperature, pressure,
concentration, pH, and the presence of other
compounds. Additionally, the suitable planar
surface of kaolinite for the cation adsorption was
not clarified in the previous studies. Therefore,
in the present work, we use DFT calculations
to investigate the replacement of exchangeable
cations in the structure of kaolinite (Al**, Si*"),
and adsorption of various cations with the
unhydrated form on both H-slab and O-slab, to
have an insight into the structural and electronic
properties, surface interactions. Furthermore,

results are expected to suggest promising
metal cations adding to the kaolinite surface
for the good adsorption and removal of organic
pollutants in environments.

2. COMPUTATIONAL METHOD

The geometric structures of the kaolinite surfaces
and adsorption configurations are optimized
by VASP." Kaolinite is one of the common
clay minerals, including a series of uncharged
layers connected by a network of hydrogen
bonds between H-slab and O-slab, as shown
in Figure 1. In this work, the / x / x / (for one
layer in exchange) and 2 x / x I (for two layers
in adsorption) cell models are designed with
dimensions size of the unit cell in experiments!>:
a=5.15A;5=8.93A;¢c=7.38A,anda=10.30
A; b =893 A; ¢ =28.51 A, respectively. The
vacuum space in the two-layered structure is 15
A, large enough to ignore boundary interactions
between two slabs. Plane-wave cutoff energy is
set up at 500 eV upon optimization.

One layer (unit cell)

Figure 1. The surface models of kaolinite in this work.

In addition, the Perdew-Burke-Ernzerhof
(PBE) function with a generalized gradient
approximation (GGA) for the exchange-
correlation componentisusedinall calculations.'®
Adsorption energy (E ;) is computed by using
the following expressions:

E,-E_ -E_.—E

comp_ kaoli M

where E..-E

p’ " kaoli
complexes, kaolinite surfaces, and metal cations,

and E,, are the energy values of

respectively. The exchange energy (E_, ) of metal

Two layers

cations into the lattice structure of kaolinite is
determined as follows:

Eexh = Ekaoli-M + EAl/Si_ EM - Ekaoli

in which E_ .., and E,

energy values of the new structure of cation

correspond to the

exchange and AI**/Si*. Moreover, to understand
the formation of stable structures, the density of
states (DOS) and electronic localization function
(ELF) analyses are carried out at the same level
of theory.

https://doi.org/10.52111/qnjs.2024.18301
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3. RESULTS AND DISCUSSION
3.1. Optimized structures

The stable configurations of exchange and
adsorption of metal cations (M), including Li",
Na*, K", Mg*, Ca*, AI**, Cr*" and Fe*" based
on DFT calculations at PBE functional, are
presented in Figures 2 and 3. Accordingly, the

cation exchange occurs at AI** or Si*" sites of
kaolinite lattice structure. Some Al-O or Si-O
bonds are broken and replaced by new M-O
bonds upon optimization. The bond lengths of
Al/Si-O in kaolinite are ca. 1.85-2.00 A (Al) and
1.61-1.64 A (Si), consistent with experiment
values in previous studies.!”

Exch-M1 (at Al site)

Exch-M2 (at Si site)

Figure 2. The optimized structures of cations exchange on kaolinite surfaces.

For derivatives in exchange, the M-O
bond lengths for replacement of AI** (denoted by
M1) and Si** (denoted by M2) sites are 1.97-2.24
A (Lil), 1.80-1.89 A (Li2), 2.13-2.37 A (Nal),
2.08-2.17 A (Na2), 2.35-2.89 A (K1), 2.30-3.15
A (K2),1.99-2.07 A (Mgl), 1.86-1.92 A (Mg2),
2.18-2.30 A (Cal), 2.11-2.73 A (Ca2), 1.73-1.75
A (A12), 1.84-1.99 A (Sil), 1.91-2.03 A (Crl),
1.72-1.80 A (Cr2), 1.88-2.01 A (Fel), 1.73-
1.81 A (Fe2). As a result, the M-O distances are
larger at M2 than at M1 structures following
the cation exchange. Moreover, the charge
densities surrounding Al/Si sites in kaolinite
change in replacing metal cations. Hence, the
cation substitutions lead to considerable changes

in M-O bond length and charge density on
M, which could cause a decrease in structure
strength compared to original kaolinite.

In addition, the adsorption of metal cations
onto kaolinite is observed at the H-slab, O-slab,
and between two of these slabs, as displayed in
Figure 3. According to the optimization, metal
cations attach on H-slab at the O sites to form
M-O interactions in Ads-M1, while the adhesion
of metal cations on O-slab is preferred at the
tetragonal cage in Ads-M3 and hexagonal cage
in Ads-M4. The attachment of cations into the
interlayer of H-slab and O-slab is considered in
the present work. Here, the configurations are
stabilized by M-O new bonds in Ads-M2.

Figure 3. The stable structures of cations adsorption on kaolinite surfaces.

https://doi.org/10.52111/qnjs.2024.18301
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The interaction distances in adsorption
configurations (Ads-M1, Ads-M2, Ads-M3,
Ads-M4) are mostly larger than M-O bond
lengths in cation exchange. In particular, the M-O
distances are ca. 2.66-2.69 A (Lil), 2.04-2.29
A (Li2), 1.90-2.57 A (Li3), 2.08-2.50 A (Li4),
2.45-2.50 A (Nal), 2.27-2.90 A (Na2), 2.35-2.66
A (Na3), 2.39-2.95 A (Na4), 2.80-2.82 A (K1),
2.49-3.02 A (K2), 2.65-3.06 A (K3), 2.75-3.14
A (K4),2.22 A (Mgl), 2.05-2.14 A (Mg2), 2.92
A (Mg3), 3.25 A (Mg4), 2.42 A (Cal), 2.32-
2.73 A (Ca2), 2.40 A (Ca3), 2.47-2.50 A (Ca4),
2.01 A (All), 2.14-3.08 A (Al2), 2.16 A (AI3),
2.31-2.94 A (Al4), 2.50-2.65 A (Cr1), 2.13-3.02

A (Cr2), 2.27 A (Cr3), 2.28 A (Cr4), 2.38-2.69
A (Fel), 1.97-3.56 A (Fe2), 2.23 A (Fe3), 2.45-
2.92 A (Fe4) upon adsorptions. Noticeably, the
Li" and Mg*" cations tend to insert into the lattice
structure of kaolinite and form Li-O and Mg-O
new bonds along with Al-O bonds at H-slab.

3.2. Exchange and adsorption energies

The characteristic parameters such as the
exchange energy (E_,) and adsorption energy
(E,,) calculated and gathered in Table 1 aim to
evaluate the exchange and adsorption ability of
cations onto kaolinite surfaces.

Table 1. The energy of cation exchange (E_,) and adsorption (E_, ) on kaolinite (in kcal.mol™).

M Lit Na* K" Mg* Ca* AP Cr* Fe*
o Exch-M1 214.7 250.0 282.5 126.1 123.2 -- 57.7 96.6
Exch-M2 284.5 326.5 357.6 210.9 210.6 70.9 923 132.8
E, Ads-Ml -12.9 -12.1 -12.7 -5.5 -11.8 -22.6 6.7 -11.7
Ads-M2 -61.9 -25.9 -14.6 -7.0 -24.3 -12.0  -6.7 -10.5
Ads-M3 -26.8 -21.4 -25.3 -0.7 -14.2 -18.1  -7.9 -8.1
Ads-M4 -42.1 -29.8 -33.5 -0.8 -21.6 -17.4  -8.7 -7.1

Calculated results show that the exchange
energy values are highly positive, in the range of
57.7-357.6 kcal.mol !, indicating these processes
are endothermic and
unfavorable. This result is consistent with the

thermodynamically

previous report on substitutions in kaolinite by
combining ions from groups II and IIL.'® As a
result, the replacement of AI**/Si** with Cr**, and
Fe** are more convenient than other cations. The
cation exchanges are more favorable at the Al**
than at Si*", especially the Cr-derivative (E_, ca.
57.7 kcal.mol!). With the Si*" substitutions, the
Al-derivative (E_, ca. 70.9 kcal.mol) is formed
more preferably than other ones. Here, it can be
understood that the changes in charge density
and radius of the metal cations yield changes
in geometrical structures. The substituted metal
cations mostly have a smaller charge and a much
different radius than the substituted A1**/Si** in
kaolinite, leading to the formation of less stable
structures.

Considering the adsorption of metal
cations onto H-slab and O-slab, the adsorption
energy (E ) ranges from -7.0 to -61.9 kcal.
mol'. The obtained configurations are thus
relatively stable. The metal cations are adsorbed
strongly to different sites onto kaolinite surfaces.
Specifically, Li" cations tend to insert into the
kaolinite in the octahedral cage and form Li-O
new bonds in the Ads-Li2 (E , = -61.9 kcal.
mol!), the most stable structure in investigated
systems. The Ads-Li4 is formed conveniently
with an adsorption energy value of -42.1 kcal.
mol!, and Li-O bonds located at the octahedral
cage of the O-slab. This is due to the Li*ion has the
smallest radius among the investigated cations,
so it is conveniently located at cages of H-slab
and O-slab and inserted into the lattice structure
of kaolinite. Besides, Na*, K*, and Cr*" cations
interact considerably with O sites on the O-slab
in forming the Ads-Na4, Ads-K4, and Ads-Cr4
with corresponding adsorption energies of -29.8,

https://doi.org/10.52111/qnjs.2024.18301
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-33.5, and -8.7 kcal.mol"!. These structures are
much more stable than Ads-Nal, Ads-K1, and
Ads-Cr1 where the adsorption occurs preferably
on the H-slab.

In addition, the AI*" and Fe*" cations
are adsorbed strongly at the H-slab leading to
the existence of M-O bonds at the top of the
tetrahedral cage in Ads-All (E_, of - 22.6 kcal.
mol') and Ads-Fel (E  of -11.7 kcal.mol™).
These configurations are about 4-5 kcal.mol™
more stable than Ads-Al4 and Ads-Fe4. With
the remaining metal cations (Mg*, Ca*"), the
most stable configurations are Ads-Mg2 and
Ads-Ca2 with the intercalation of ions between
the H-slab and O-slab. Here, Mg?" inserts into
the H-slab and forms Mg-O bonds similar to Li*.
However, the Ads-Mg2 (E_ of -7.0 kcal.mol™)
is much less stable than Ads-Li2. Meanwhile,
the intercalation of Ca?* yields the appearance of
Ca-O bonds with both H-slab and O-slab. The

Ads-All

Ads-Ca2 is thus relatively stable in this case,
with an adsorption energy of -24.3 kcal.mol™.
Furthermore, results indicate that among the
common metal cations in aqueous environments
(Na', K*, Mg*, and Ca?'), K has the best
adsorption ability on kaolinite surfaces. In
previous reports, the alkali metal (Na, Mg, Ca)
supported on kaolinite enhances the adsorption
capacity of heavy metal.”* From this aspect,
K™ is expected to be a good candidate to support
kaolinite surfaces for the adsorption of heavy
metals and organic compounds.

3.3. DOS and ELF analyses

To better understand the formation of structures
following the exchange and adsorption of
cations, the density of states (DOS) and electron
localization function (ELF) analyses at the PBE
function are examined and illustrated in Figures
4 and 5.

Ads-Cr4 Ads-Fel

Figure 4. The ELF maps of the most stable adsorption configurations.

Results of ELF analysis indicate that
the interactions are formed between M metals
and O at the H-slab and O-slab with highly
localized electron density, regarded as the

https://doi.org/10.52111/qnjs.2024.18301

chemical bonds.?' The electron density sharing
between M-O bonds is more favorable at the
O-slab surface than at the H-slab. Moreover, the
electron density localized at the M-O bonds for

10 | Quy Nhon University Journal of Science, 2024, 18(3), 5-13
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the structures is considerably high and decreases
from Ads-Li2, Ads-K4, and Ads-Na4, going
to Ads-Ca2, Ads-All, and finally in Ads -Fel,

M-O covalent bonds is preferred in the order of
Li, K, Na > Ca, Al > Fe, Cr, and Mg, consistent
with the difference in adsorption energy values

Ads-Cr4, Ads-Mg2. Therefore, the formation of above.
Density (statesseV) T aolinite Doty statese) b Densiy (sates/oV) e
o =258 e o 1
200} 200 ] 200
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Figure 5. The pDOS of the most stable configurations for metal cations exchange and adsorption.
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As shown in Figure 5, there are slight
decreases in the density of states (DOS) in the
valence band (VB) and conduction band (CB).
These two shifts are approximate in most
structures, so the gap energy (Eg) has little change
compared to the initial kaolinite. Besides, in
the exchange of Cr** at Al site (Exch-Cr1) and
adsorption of AI’*, Fe*" on H-slab (Ads-M1),
the hybridizations of the 3s, 3p (Al), 3d (Cr, Fe)
orbitals and the 2s, 2p orbitals of O (in kaolinite)
lead to form AI-O and Cr/Fe-O new bonds. It can
be seen from new states as narrow lines between
VB and CB. The band gaps of these structures
are thus significantly reduced. Therefore, the
Cr*" exchange at the Al site and the AI**, Fe**
adsorption at the H-slab would yield better
light absorption and increase the photocatalytic
activity of the materials compared to the original
kaolinite.

4. CONCLUSIONS

Theoretical results indicate that the cation
exchanges into the lattice structure of kaolinite
are unfavorable and endothermic. The adsorption
of metal cations on planes of kaolinite is
preferred on both H-slab and O-slab in forming
M-O bonds. The Li*, Mg*, and Ca*" cations are
adsorbed alternately to the H-slab and O-slab,
in which Li* and Mg?*" favorably insert into the
lattice structure of kaolinite. The Na*, K* and
Cr*" ions interact strongly with O sites on the
O-slab at the octahedral cage. In addition, AI**
and Fe’" are located firmly at the tetrahedral
cage on the H-slab. Adsorptions of metal cations
on kaolinite are regarded as chemisorption and
follow the sequence: Li* > K* > Na® > Ca*" >
AP > Fe** > Cr** > Mg?". The formation of
configurations yields the changes in VB and
CB regions and band gap energy. Noticeably,
the considerable differences in DOS and band
gaps are found in structures of Cr’" exchange
and AI**, Fe** adsorption as compared to the
remaining cations. Besides, the ELF analysis
determines the formation of the M-O covalent
bonds, which contribute mainly to the stability
of configurations.

https://doi.org/10.52111/qnjs.2024.18301
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TOM TAT

Chiing toi dua ra cac diéu kien di dé mot chudi luy thita hinh thic (tuong tng, mot diy
ctia chudi luy thira hinh thiic) clia cdc da thitc thuan nhat, lién tuc, gia tri Fréchet hoi tu trong
lan can ctia 0 trén khong gian Fréchet E (tuong tng, £ = CV) 14 hoi tu trong lan can ciia 0
tren moi duong théng phiic £, := Ca v6i mdi a € A (A la tap khong da cyc xa anh trong CV).
Két qua trong truong hgp E = CV la mot “phién ban gia tri Fréchet” cia dinh 1y Alexander ¢
dién nhung vé6i cac gia thiét yéu hon. Ching toi ciing chitng minh ring moi khong gian Fréchet
F ¢6 tinh chat Forelli manh, nghia 1a néu moi ham f: Ay — F sao cho f € C*(0) va fi,nay
1 chinh hinh véi moi dudng théng phiic l,,a € A, thi f chinh hinh trén Ay.

T khéa: Ham da diéu hoa dudi, ham chinh hinh, tap da cuc za dnh, chudi lug thita hinh thic.
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ABSTRACT

We give sufficient conditions to ensure the convergence on some zero-neighbourhood in a

Fréchet space E (resp. E = CV) of a formal power series (resp. a sequence of formal power series)

of Fréchet-valued continuous homogeneous polynomials provided that the convergence holds at a

zero-neighbourhood of each complex line ¢, := Ca for every a € A, a non-projectively-pluripolar

set in E. The result in the case E = CV is a Fréchet-valued analog of classical Alexander’s

theorem but under weaker assumptions. It is also shown that every Fréchet space has the strong

Forelli property, i.e, for a non-projectively-pluripolar set A C CV, every Fréchet-valued function
f on the open unit ball Ay € CV, f € C>(0), such that its restriction on each complex line £,

a € A, is holomorphic admits an extension to an entire function.

Keywords: Plurisubharmonic functions, holomorphic functions, projectively pluripolar sets, for-

mal power series.

1. INTRODUCTION AND PRELIMI-
NARIES

The focus of this paper is to study the
Fréchet-valued analogs and the generaliza-
tions of the following two classical theorems.

Forelli’s Theorem. ' If f is a function
defined in the unit ball Ay < CV, holomor-
phic on the intersection of An with every
complex line £ passing through the origin and
if f is of class C*° in a neighborhood of this
point, then it is holomorphic in Ay.

Alexander’s Theorem. 2 Let .Z be a
family of analytic functions on Ay C CN.
If the restriction of F to each complex line

*Corresponding author.

Email: nguyenvandai@gnu.edu.vn

https://doi.org/10.52111/qnjs.2024.18302

through the origin is normal (resp. at the ori-
gin), then F is normal (resp. at the origin).

Recall that a family .# of analytic func-
tions on a complex manifold € is normal if
every sequence in .% has a subsequence which
converges uniformly on compact subsets of €2
either to an analytic function or to oo, and
that .%# is normal at a point € Q if there
exists a neighborhood W of x such that the
restriction of . to W is normal.

Forelli’s theorem is a radial analogue of
the fundamental theorem of Hartogs. Alexan-
der’s theorem allows us to obtain the Hartogs
theorem on the convergence of formal power
series in several complex variables.
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The problems of extensions and general-
izations of the above classical theorems for
holomorphic maps and vector-valued holo-
morphic functions have drawn attention of
mathematicians.

In this note, we will investigate these
results for the Fréchet-valued case in the
“strong” sense in which the functions are only
required that their restrictions on /N Ay are
holomorphic for every ¢ € £, a family of suf-
ficiently many complex lines passing through
the origin_

Families of “sufficiently many” complex
lines in the paper concern the notions of
pluripolar sets and projectively pluripolar
sets. These notions require some extra back-
ground material for their definition.

Let D be a domain in a locally convex
space F/. An upper-semicontinuous function
¢ 1 D — [—00,+00) is said to be plurisub-
harmonic, and write ¢ € PSH(D), if ¢ is
subharmonic on every one dimensional sec-
tion of D.

A subset B C D is said to be pluripolar
in D if there exists ¢ € PSH(D) such that
p # —oo and cp‘B = —00.

A function ¢ € PSH(E) is called homo-
geneous plurisubharmonic if

o(Az) =log |\l +p(z) YAeC, VzeE.

We denote by HPSH(E) the set of homo-
geneous plurisubharmonic functions on FE.
We say that a subset A C F is projectively
pluripolar if A is contained in the —oo lo-
cus of some element in HPSH(E) which is
not identically —oo. It is clear that projec-
tive pluripolarity implies pluripolarity. The
converse is not true (see [Proposition 3.2 b]).

Some properties, examples and coun-
terexamples of projectively pluripolar sets
may be found in the article. 3 We intro-
duce below a few examples in locally convex
spaces.

Example 1.1. Let E be a metrizable locally
convex space. Fix a € E. Then, the complex
line ¢, := Ca = {Xa : A € C}, hence, every
A C {,, is projectively pluripolar in E.
Indeed, let d be the metric defining the
topology on E. Consider the function
o(z) = —logd(z,4,) == —log inf d(z,w).

wELg

It is easy to check that ¢ € HPSH(E),
@ # —oc and £, C o~ (—o0).

Example 1.2. Let FE be a Fréchet space
which contains a non-pluripolar compact bal-
anced convex subset B. By the same proof
as in Example 1.1, the set 0B is pluripolar.
However, 0B is not projectively pluripolar
in .

Otherwise, we can find a function ¢ €
HPSH(E), ¢ £ —oco and 0B C ¢~ !(—0c0).
For every z € B we can write z = Ay for some
y € OB and |\| < 1. Then

¢(z) = p(Ay) =log |A[+¢(y) = —o0, Vz € B.
It is impossibe because B is non-pluripolar.

Example 1.3. By Theorem 9 of the research
4 and Example 1.2, a nuclear Fréchet space
having the linear topological invariant (ﬁ)
which is introduced by Vogt (see 5) contains
a non-projectively-pluripolar set.

We recall that a complex space or a lo-
cally convex space X is said to have Forelli
Property if every map f : Ay — X such that
f is of C*°- class in a neighborhood of 0 € Ax
and f ‘ AN is holomorphic for all complex
lines £ through 0 € Ay then f is holomorphic
on Ay. In 2005 L. M. Hai and N. V. Khue
6 studied the Forelli property for complex
spaces. They also investigated the relation
between these spaces with Hartogs spaces
and Hartogs holomorphic extension spaces
for holomorphically convex Kéhler complex
spaces.

Definition 1.1. A locally convex space F
is said to have the strong Forelli property if
every function f : Ay — F satisfying that:

https://doi.org/10.52111/qnjs.2024.18302

Quy Nhon University Journal of Science, 2024, 18(3), 15-28 | 17



QUY NHON UNIVERSITY

I SCIENCE

(i) f belongs to C*-class at 0 € CV for
k>0,

(ii) for some mnon-projectively-pluripolar
subset A C C¥, the restriction of f on
each complex line ¢,, a € A, is holo-
morphic,

then there exists an entire function ]?on cN
such that f = f on ¢, for all a € A.

Note that, from Proposition 3.1 in the re-
search, 3 in CV, the following are equivalent:

a) A is projectively pluripolar;

b) A* i= {tz: t € C,|t| < \,z € A} is
pluripolar for each A > 0;

¢) u(A») = 0 where p is the Lebesgue
measure;

d) v(o(A*)) = 0 where v is the invari-
ant measure on the projective space
CPV~! and o : CV\ {0} — CPN-!
is the natural projection.

It follows that the condition (ii) in
Definition1.1 can be replaced by the following
condition:

(ii’) for some family £ of complex lines
through 0 € C" such that
,u(AN NUpeg E) > 0, the restriction of
f on each ¢ € .Z is holomorphic.

The main theorems of our note are the
following.

Theorem 1.1. Fvery Fréchet space has the
strong Forelli property.

Theorem 1.2. Let A C CN be a non-
projectively-pluripolar set and (fn)n>1 be a
sequence of formal power series of contin-
uous homogeneous polynomials on CN with
values in a Fréchet space. Assume that there
exists 7o € (0,1) such that, for each a € A,
the restriction of (fn)n>1 on , is a sequence
of holomorphic functions which is convergent
on the disk A(rg). Then there exists v > 0
such that (fn)n>1 is a sequence of holomor-
phic functions that converges on An(r).

https://doi.org/10.52111/qnjs.2024.18302

By the equivalence of a) and d) men-
tioned above, the hypotheses of Theorem 1.2
may be stated under an alternative form as
follows: Let B be a subset of An such that
v(o(B)) = 0 where v is the invariant mea-
sure on the projective space CPN =1 and
o : CN\ {0} — CPN~! is the natural pro-
jection. Assume that for some 9 € (0,1),
the restriction of the sequence (fp)n>1 on
each complex line ¢ through 0 € Ay with
(N B = {0} is convergent in A(rg).

Actually, Theorem 1.2 is not a generaliza-
tion of Alexander’s theorem because our re-
sult only refers to uniform convergence, not
to the normality of the sequence of formal
power series. Therefore, it is still an open
question that whenever we obtain a truly gen-
eralization of Alexander’s theorem. In other
words, “ Whether or not a version of Theorem
1.2 where the uniform convergence of the se-
quence (fnle,)n>1 on compact sets of A(rg)
is replaced by normality of this sequence on
A(rg) i.e., we allow convergence to oo uni-
formly on compact sets?”

The proof of the first main theorem will
be presented in Section 2. To prepare for the
proof, with the help of techniques of pluripo-
tential theory and functional analysis, we in-
vestigate the Hartogs Lemma for sequence
of plurisubharmonic functions for the infinite
dimensional case (Theorem 2.2). This result
is also essential to the Section 3 in which
we discus a problem closely related to the
two classical theorems mentioned above. The
main goal of this section (Theorem 3.1) is to
study the convergence set of a formal power
series of continuous homogeneous polynomi-
als between Fréchet spaces under the hypoth-
esis that it is convergent along a pencil of
complex lines through the origin.

Finally, the last section presents the proof
of the second main theorem of the paper.
Some results concerning to Vitali’s theorem
for a sequence of Fréchet-valued holomorphic

18 | Quy Nhon University Journal of Science, 2024, 18(3), 15-28



QUY NHON UNIVERSITY

I SCIENCE

functions (Proposition 4.3) will be shown to
help for our proof.

The standard notation of the theory of
locally convex spaces used in this note is pre-
sented as in the book of Jarchow. 7 A locally
convex space is always a complex vector space
with a locally convex Hausdorff topology. For
a locally convex space E we use E|_to de-

note E’ equipped with the bornological topol-
ogy associated with the strong topology S.

The locally convex structure of a Fréchet
space is always assumed to be generated by
an increasing system (||-||x)x>1 of seminorms.
For an absolutely convex subset B of E, by
Ep we denote the linear hull of B which be-
comes a normed space in a canonical way if B
is bounded (with the norm |- ||z is the gauge
functional of B).

We say that a Fréchet space E has the
property (LBy), and write E € (LBy) for
short, if Yoy 1 00, IpVq Ik(q) > ¢,

C(q) > 0,Vx € E,Im with ¢ <m < k(q) :

lzllg"em < C@)l@llmllz]IF-

This property is a linear toplogical invariant
which plays a very important role in modern
theory of Fréchet spaces. Khue, Hai, Hoan &
[Theorem 4.1] proved that if E' € (LBy) then
(E{)Or)lﬁ € (LBOO)

For further terminology from complex
analysis we refer to the research. ?

We use throughout this paper the follow-
ing notations: Ay(r) ={z € CV: ||z <r};
Any = An(1);A(r) = Aq(r); A = Ay
and /¢, is the complex line Ca.

2. THE STRONG FORELLI PROP-
ERTY OF FRECHET SPACES

This section is devoted to the proof of The-
orem 1.1. First we investigate the Hartogs
Lemma for a sequence of plurisubharmonic
functions in the infinite dimensional case.
This is essential to our proofs.

Lemma 2.1. Let (P,)p>1 be a sequence of
continuous homogeneous polynomials on a
Baire locally convex space E of degree < n.
Assume that
lim sup ! log |P,(2)] <0
n—oo T

for each z € E. Then for every e > 0 and ev-
ery compact set K in E there exists ng such
that

1

Elog\Pn(z)] <e Vn>ng, Vze K.

Proof. Since

limsup|Pn(z)]% <1 VzeF
n—oo
the formula
FERR) =D Pa(2)A"
n>1

defines a function f : E — H(A), the Fréchet
space of holomorphic functions on the open
unit disc A C C.

Let us check f is holomorphic on FE.
Given z € E'\ {0} and consider f(-z): C —
H(A) with

FE2)(N) =) Pa(2)A"g"
n>1
where k, = deg P, < n. Then f(- z) is holo-
morphic because for 0 < r < 1 we have
limsup (| P, (2)|]A")

N\

1 n

= lim sup(| P (2)| 5 )

n—0

< lim sup |Pn(z)|%r <r<l.
n—0

This means that f is Gateaux holomorphic
on FE.
Now for each £ > 1 we put

Ap:={z€ E: |Py(2) <kF vn>1}.

By the continuity of P,, the sets Ay are
closed in E. Moreover, E = |J,.~; Ai. Since
FE is a Baire space, there exists 7{:0 > 1 such
that IntAy, # @. Then f is holomorphic on
k—lolntAkO because

kg
P AGIEESY kOan" =Y 1<

n>1 n>1 "0 n>1

https://doi.org/10.52111/qnjs.2024.18302
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for 0 < r < 1. Hence, by Zorn’s theorem '°

[Theorem 1.3.1], f is holomorphic on E.
Now given K C F a compact set and

e > 0. Take 0 < r < 1 and denote
C:=sup{|f(z)(N)]: z€ K, |\ <r} <.

Then we have

RS f(Z)(§d| _ C
P = [ [ T S ek
ie,

1 O
|Pa(2)[" < .

Choose ng sufficiently large we obtain

1
COn
r

)

3=

|Pn(2)|m < <e® Vn > no.

The lemma is proved. O

The Proposition 5.2.1 in the research
' says that a non-empty family (uq)acr
of plurisubharmonic functions from the Le-
long class such that the set {z € CV
SUPyer Ua(2) < 00} is not L-polar is locally
uniformly bounded from above.

The next is similar to the above result in

the infinite dimensional case.

Theorem 2.2. Let B be a balanced con-
vex compact subset of a Fréchet space E and
(Pn)n>1 be a sequence of continuous homoge-
neous polynomials on E of degree < n. As-
sume that the set

1
{z € Ep : sup —log | P,(2)] < oo}
n>1"N

is not projectively pluripolar in Ep. Then
the family (% log | Py |)n>1 is locally uniformly
bounded from above on Ep.

Proof. Suppose that the family (% log | Py |)n>1
is not locally uniformly bounded from above
on B. Then there exists a sequence (u;)j>1 =
(% log|Py,|)j>1 such that

M; :=supuj(z) >j Vj>1.
z€B

https://doi.org/10.52111/qnjs.2024.18302

Take w € Ep\ B and for each j > 1 consider
the function

vj(€) = u; (¢ w) — M —log* (¢! ||wl|s),

for ¢ € A(JJw|/r) \ {0}. Obviously, v; is sub-
harmonic and, it is easy to see that v;(¢) <
O(1) as ¢ — 0. Hence, in view of Theorem
2.7.1in 1, v; extends to a subharmonic func-
tion, say v;, on A(|lw||p). Now, by the max-
imum principle, 7; < 0 on A(||lw[/g). In par-
ticular,

vj(1) = 9;(1) = w;(w) — M; —log™ [lw||p < 0.
Hence

uj(z)—M; <log" ||z||g for z € Ep,Vj > 1.
(2.1)
Then there exists zy € Ep such that
limsup exp (u;(z0) — M;) =:6 > 0. (2.2)
Jj—o0
For otherwise we would have
lim sup exp(u;(z) — M;) <0
Jj—00
at each point z € Ep. By Lemma 2.1, the se-
quence (exp(u;(z)—M;))j>1 is bounded from
above on any compact set in EFg. This would
imply from the research '9[Lemma 1.1.12]
that exp (u;(z) — M;) < 3 for all z € B and
all sufficiently large j. But then the last es-
timate would contradict the definition of the
constants M.
Now we choose a subsequence (u;, )p>1 C
(uj);>1 such that
lim exp(uj, (20)—M;,) =6 and M, >2F

k—00

for all k£ > 1. Consider the function

w(z) = Z27k(ujk - M;,), z¢€Ep.
k>1

In view of (2.1) we have the extimate
wi(2) = 27%(uy, — Mj,) —2Flog R <0

for z € Ep, ||z||p < R and R > 1. Thus wy is
Izllp < R}
and wy < 0. Hence, the function 2@1 Wy, =

plurisubharmonic on {z € Ep :

20 | Quy Nhon University Journal of Science, 2024, 18(3), 15-28



QUY NHON UNIVERSITY

I SCIENCE

w —log R, R > 1, is either plurisubharmonic
on {z € Ep: ||z||p < R} or identically —oo.
Consequently, as R can be chosen arbitrarily
large, w is either plurisubharmonic or iden-
tically —oo. Therefore, since w(zp) > —oo,
w € PSH(Eg). It is easy to see that w €
HPSH(Eg).

If 2 € Ep, sup,>; +1og |P,(z)| < oo then
> isq 27 Fuj, (2) < oo and, hence

w(z) < ZQ_kujk(z) - Z 1=-00

k>1 k>1

which proves that the set

1

{z € Ep :sup —log |P,(2)] < oo}
n>1 "7

is projectively pluripolar in Ep. This con-

tradics the hypothesis. O

Corollary 2.3. Let B, E and (Pp,)p>1 be as
in Theorem 2.2; in addition assume that B
contains a non-projectively-pluripolar subset.
Then the family (L 1og |Py|)n>1 is locally uni-
formly bounded from above on E.

Proof. 1t suffices to prove that E'g is dense in
E. Indeed, if the closure of the subspace Ep
is not equal to E then, by the Hahn-Banach
theorem, there exists ¢ € E’, ¢ # 0, such
that ¢(Ep) = 0. Then it is easy to see that
v:=log|p| € HPSH(E),v# 0, BC Eg C
{#z : v(z) = —oo}. This contradicts the fact
that B contains a non-projectively-pluripolar
subset. O

It is known that a subset with non-empty
interior in a Fréchet space is not pluripolar,
hence it is not projectively pluripolar. Then
by Corollary 2.3 we have the following.

Corollary 2.4. Let B be a balanced convex
compact subset of a Fréchet space E which
contains a mon-projectively-pluripolar subset
and (Pp)n>1 be a sequence of continuous ho-
mogeneous polynomials on E of degree < n.
If the set

1
{z € Ep :sup —log |P,(2)] < oo}
n>1 "7

has the non-empty interior in E then the
family (%log\Pn])nzl is locally wuniformly
bounded from above on E.

We are now in a position to prove the first
main theorem.

Proof of Theorem 1.1. Let F be a Fréchet
space, f : A, — F be a function which be-
longs to C*-class at 0 € C" for k > 0 and
A C C™ be a non-projectively-pluripolar set.
If the restriction of f on each complex line
Ly, a € A, is holomorphic. By the hypothesis,
for each k > 0 there exists r, € (0,1) such
that f is a C*-function on Ay(ry). We may
assume that r; \, 0. Put

Pu(z) = 1/ FAz)dA

IA|=1

27TZ )\k+1 9 z 6 AN(rk‘)

Then, for each £k > 0 and p > k, P, is a
bounded CP-function on Ay(r). Since A —
f(Aa) is holomorphic for all a € A we deduce
that

Pi(Ma) = \*Pi(a) forae A, X eC. (2.3)
By the boundedness of P, on Ay (%) we have
Pi(w) = O(Jw|¥) as w — 0.

On the other hand, since Py €
C*1(AN(rry1)), the Taylor expansion of
Py at 0 € Ay (r+1) has the form

}%(2):3 }:

a+pB=k

Prap(2) +|2l0(z)  (24)

where P, g is a polynomial of degree o in z
and degree § in Z and ¢(z) — 0 as z — 0.

In (2.4), replacing z by Az, [A\| < 1, from
(2.3) we obtain

Z Pk’a,g(z))\axﬁ + IXF|2Fo(A2)
a+p=k

= Z Pios(2)N"+XE|2|P0(2)  (2.5)
a+p=k

for z € rp4 1 A.

https://doi.org/10.52111/qnjs.2024.18302
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This yields that o(Az) = p(z) for X\ €
[0,1), and hence, o(z) = 0(0) = 0 for z €
rrr1A. Thus

Pk,aﬂ(z) =0 for>0andzé€ Tk+1A.

Note that rpi1A is also not projectively
pluripolar. It is easy to check that

Pkyoéwg =0 for g >0.

Indeed, for every ¢ € F’, the function

1
a deg Pk,a,ﬁ

u(w) log (¢ © Pr,a8)(w)]
is homogeneous plurisubharmonic on CV,
= —oo on 141 A. Since 141 A is not projec-
tively pluripolar, it implies that u = —oco and
hence ¢ o Py 5 =0 on CV for every ¢ € F'.
It implies that P} o3 = 0 on CN for B8 > 0.
Thus, from (2.4) we have

Prp(2) = Prro(z) = Z Co2®

la|=k

for z € An(rg+1) and Py is a homogeneous
holomorphic polynomial of degree k.

Now, let (|| |[mm)m>1 be an increasing fun-
damental system of continuous semi-norms
defining the topology of F. By the hypoth-
esis, for every m > 1

lim sup = log || Px(2)|lm = —o0  for z € A.
k—o0 k

Then, by Corollary 2.3, the sequence

(+log || Pi(2)|lm)k>1 is locally uniformly

bounded from above on C" for all m > 1.

Thus we can define

um(2) = lilrnsup1 log || Pe(2)lm, 2 € CN.
k—o00 k

By the research, '? the upper semicontinuous

regularization w), of u,, belongs to the Le-

long class £(C") of plurisubharmonic func-

tions with logarithmic growth on CV. More-

over, by Bedford-Taylor’s theorem 3

S i={2€CN: ul(2) #um(2)}

https://doi.org/10.52111/qnjs.2024.18302

is pluripolar for all m > 1.

On the other hand, by 3, A* := {ta: t €
C,a € A} is not pluripolar. This yields that

uy, = —oo for all m > 1 because ), = Uy, =

.=
—oo on A*\ S, and A*\ S,, is non-pluripolar.
Since u), > uy,, we have u,, = —oo form > 1.
Hence the series ) ;- Pr(2) is convergent for
z € CN and it defines a holomorphic exten-

sion fof f‘g for every a € A. O

3. THE CONVERGENCE OF A FOR-
MAL POWER SERIES BETWEEN
FRECHET SPACES

In mathematics, a formal power series is a
generalization of polynomials as a formal ob-
ject, where the number of terms is allowed to
be infinite.

The theory of formal power series has
drawn attention of mathematicians working
in different branches because of their vari-
ous applications. One can find applications
of formal power series in classical mathemat-
ical analysis and in the theory of Riordan al-
gebras. Specially, this theory lays the foun-
dation for substantial parts of combinatorics
and real and complex analysis.

A formal power series f(z1,...,2n) =
Y Carpan it 230 in CN, N > 2, with
coefficients in C is said to be convergent if it
converges absolutely in a zero-neighborhood
in CN. A classical result of Hartogs '* states
that a series f converges if and only if f,(t) =
f(tz1,...,tzn) converges, as a series in ¢, for
all z = (z1,...,2y) € CV. In other words, a
formal power series in several complex vari-
ables is convergent if it converges on all lines
through the origin. This can be interpreted as
a formal analog of Hartogs’ theorem on sep-
arate analyticity. Because a divergent power
series still may converge in certain directions,
it is natural and desirable to consider the set
of all z € CV for which f. converges. Since
f=(t) converges if and only if f,,(t) converges
for all w € CN on the affine line through z,
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ignoring the trivial case z = 0, the set of di-
rections along which f converges can be iden-
tified with a subset of the projective space
CPN~1. The convergence set Conv(f) of a di-
vergent power series f is defined to be the
set of all directions ¢ € CPN~! such that
f-(t) is convergent for some z € o~ !(¢) where
o : CN\ {0} — CPN~!is the natural pro-
jection. In the two-variables case, Lelong
proved that Conv(f) is an F,-polar set (i.e.
a countable union of closed sets of vanish-
ing logarithmic capacity) in CP!, and more-
over, every F,-polar subset of CP' is con-
tained in the Conv(g) of some formal power
series g. The optimal result was later ob-
tained by Sathaye '© who showed that the
class of convergence sets of divergent power
series in two-variables is precisely the class
of F,-polar sets in CP'. Levenberg and Mol-
zon, in 7, showed that if the restriction of
f on sufficiently many (non-pluripolar) sets
of complex line passing through the origin is
convergent on small neighborhood of 0 € C
then f is actually represent a holomorphic
function near 0 € CV. By using delicate es-
timates on volume of complex varieties in
projective spaces, Alexander’s theorem men-
tioned above was proved. This follows readily
that if the restriction of a formal power series
f on every complex line passing through the
origin in CV is convergent then f is conver-
gent ? [Theorem 6.3].

The main result of this section is

following.

Theorem 3.1. Let A be a non-projectively-
pluripolar set which is contained in a balanced
convexr compact subset of a Fréchet space E
and f =%, <, Pn be a formal power series
where P, are continuous homogeneous poly-
nomials of degree n on E with values in a
Fréchet space F. Assume that for each a € A,
the restriction of f on the complex line £, is
convergent. Then f is convergent in a neigh-
bourhood of 0 € E if one of the following
holds:

(a) E is Schwartz.
(b) F € (LBx).

Proof. We divide the proof into three steps:
(i) Step 1: We consider the case where
F =C. It follows from the hypothesis that

limsup\Pn(z)ﬁ <oo VzeA

n—oo

Then, by Corollary 2.3 there exists a zero-
neighbourhood U in E such that

sup{\Pn(z)]% czeUn>1} =M < .

This implies that f is uniformly convergent
n (2M)~1U.

(ii) Step 2: We consider the case where F
1s Fréchet. By the step 1 we can define the
linear map

T:F, — H(g)

by letting

n>1

where H(0g) denotes the space of germs of
scalar holomorphic functions at 0 € E. Sup-
pose that uq — win F}_ and T(us) — v in
H(0g) as a — oo. This implies, in particular,
that [T'(uq)](z) — v(z) for all z in some zero-
neighbourhood U in E. However, for z € U

we have
[T (e — )] (2) = Y (ua — u)(Pa(2))
n>1
= nlggo (Ua — u)(Pn(2))

Then [T'(uq)](z) — [T(u)](z) for all z € U.
This implies that v = T'(u). Hence T has a
closed graph.

Meanwhile, since F is Fréchet, by
the research 7 [Theorem 13.4.2] we have
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B(F', F)por = n(F', F) on F', where n(F’, F)
is the corresponding locally convex inductive
limit topology on F' = |Jy oy Fie with %
consists of closed and absolutely convex sets
in F. This implies that F{ __is ultrabornolog-
ical. On the other hand, because E is metriz-
able, we have
H(0g) = lim (H>(Va), [| - [|n)
n—oo
where (V,,)n> is a countable fundamental
neighbourhood system at 0 € E, and || - ||,
is the norm on the Banach space H*(V},)
given by [|flln = sup.ey, |f(2)[- Hence, by
the closed graph theorem of Grothendieck '8
[Introduction, Theorem B], T is continuous.
Next, we shall show that there exists a
neighbourhood V of 0 € E such that T :
FII)OI‘
We consider two cases: (a) F is Schwartz;
(b’) E is Banach and F € (LBy).
The case (a): Since E is Schwartz, by 1

[Theorem 2 and Corollary 9], H(0g) has a
0

— H*°(V) is continuous linear.

continuous norm. Using Proposition 1.4 in 2
we deduce that there exists a neighbourhood
V of 0 € E such that T : F{ . — H>(V) is
continuous linear.

The case (b’): Since E is Banach, it fol-
lows from 2! [Theorem 1] that H(0g) € (£2).
Then, because (Fy,,)j € (LBx), using The-
orem 3.2 in ° we deduce that there exists a
neighbourhood V' of 0 € F such that T :
F . — H>(V) is continuous linear.

Now we define the map f: V — Fl' by
the formula

[F(2)](u) = [T(w)](2),

Since T is continuous and point evaluations

zeV,ueF,.

on H(V)por are continuous (see the research
9 [Proposition 3.19]) it follows that f(z) €
F/l

bop for all z € V. Moreover, for each fixed

u € F{__ the mapping
z eV = [T(u)](z)
is holomorphic, that is
FiV = (B 0(For, Flor)

https://doi.org/10.52111/qnjs.2024.18302

is a continuous mapping. For alla € Vb € FE
and all u € F{ _ the mapping

o~

{teC: a+theV}>3A—uo f(a+ Ab)

is a Gateaux holomorphic mapping and hence

[V = (For 0 (Flor, Fior)

is holomorphic.

By the research 7 [8.13.2 and 8.13.3], F}_
is a complete locally convex space. Hence by
22 [Theorem 4, p.210] applied to the complete
space F{ = we see that (F} ,o(F ., F.))
and ()} have the same bounded sets. An

application of 2 [Proposition 13] shows that
fiV = (Ros

is holomorphic.
Let j denote the canonical injection from
Finto F".Ifze B:=VN{ta: t € C,a € A}

and f(z) # j(f(z)) then there exists u € F’
such that

~

F2)(w) # 3(f(2))(u) = u(f(2)).

This, however, contradicts the fact that for

all z € B we have

n>1

We now fix a non-zero z € B. Then there ex-
ists a unique sequence in F”, (ay .)2 , such
that for all A € C

Frz) = i": Ap A"
n=0

~

Since f(0) = f(0) = ap,. it follows that
ap,. € F. Now suppose that (a;.)j_o C F.

~

When || < 1, f(Az) = f(Az) € F. Hence, if
AeC,0<|A <1, then
fOz) = YigaN & —n—1
Antl - Z ajvz)\] €F
j=n+1

Since F' is complete we see, on letting A tend
to 0, that a,41. € F. By induction a, . € F
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~

for all n and hence f(Az) € F for all A € C
and all z € B. Since f is continuous and F
is a closed subspace of (F,.)} (see the re-
search 24 [Lemma 2.1]) we have shown that
]?: V' — F' is holomorphic.

Hence, the series En21 P, is convergent
on V to f.

The proof of the case (a) is complete here.
We continue the last step for the proof of the
case (b) as follows:

(iii) Step 3: Let {Up}n>1 be a decreasing
basis of neighbourhoods of 0 € E. By K(E)
we denote the family of all balanced convex
compact subsets of E. By the case (b’) in Step
2, for each K € K(F) there exists ex > 0
such that f is uniformly convergent on ex K.
Put

W = U €KK.
KeK(E)

Obviously, f is convergent on W. It remains
to check that W is a neighbourhood of 0 € E.
Assume the contrary, that W is not a neigh-
bourhood of 0 € E. Then for each n > 1 there
exists z,, € U, \ W. Put

Ky :=conv{0, x1,x9,...}.

By 2° [Corollary 6.5.4] we can find K; €
K(E), Ky C Ki, such that Ky is relatively
compact in Fg,. It implies that z, — 0 in
Ep, . Thus there exists ng > 1 such that for
all n > ng we have x,, € e, K1 C W. This
is incompatible with =z, being disjoint
from W. 7

4. ALEXANDER’S THEOREM FOR

FRECHET-VALUED FORMAL POWER
SERIES

We will present the proof of Theorem 1.2 in
this section. Our work requires some extra
results concerning to Vitali’s theorem for
a sequence of Fréchet-valued holomorphic
functions.

Remark 4.1. In exactly the same way, The-
orem 2.1 in the research 26 is true for the
Fréchet-valued case.

Lemma 4.1. Let E,F be Fréchet spaces,
D C E be an open set. Let f : D — F be
a locally bounded function such that o f is
holomorphic for all p € W C F', where W is
separating. Then f is holomorphic.

The proof of Lemma runs as in the proof
of Theorem 3.1 in the research, 25 but here
we use Vitali’s theorem in the research 27
[Proposition 6.2] which states for a sequence
of holomorphic functions on an open con-
nected subset of a locally convex space.

Lemma 4.2. Let D be a domain in a Fréchet
space E and f : D — F be holomorphic,
where F is a barrelled locally convex space.
Assume that Dy = {z € D : f(z2) € G} is
not nowhere dense in D, where G is a closed
subspace of F. Then f(z) € G for all z € D.

Proof. (i) We first consider the case G = {0}.
On the contrary, suppose that f(z*) # 0 for
some z* € D\ Dy. By the Hahn-Banach
theorem, we can find ¢ € F’ such that
(po f)(z*) # 0. Let 29 € (intDg) N D and
let W be a balanced convex neighbourhood
of 0 € E such that zg + W C Dg. Then by
the continuity of f we deduce that f = 0
on zg + W. Hence, it follows from the iden-
tity theorem (see the research 27 [Proposition
6.6]) that f = 0 on D. This contradicts above
our claim (¢ o f)(z*) # 0.

(ii) For the general case, consider the quo-
tient space F'/G and the holomorphic func-
tionwo f: D — F/G where w: F — F/G
is the canonical map. Then wo f =0 on Dy.
By the case (i), wo f =0 on D. This means
that f(z) € G for all z € D. O

Proposition 4.3. Let E, F' be Fréchet spaces
and D C E a domain. Assume that (fn)n>1
s a locally bounded sequence of holomorphic
functions on D with values in F. Then the
following assertions are equivalent:
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(i) The sequence (fn)n>1 converges uni-
formly on all compact subsets of D to
a holomorphic function f: D — F;

(i) The set Dy = {2z € D
lim f,,(z) exists} is not nowhere dense
n
m D.

Proof. Tt suffices to prove the implication (ii)
= (i) because the case (i) = (ii) is trivial. De-
fine f: D — (X(N, F) by f(2) = (fu(2))n>1,
where (*°(N, F') is the Fréchet space with
the topology induced by the system of semi-
norms

lzlle = l(zi)iz1ll = sup ||z, VE,
K2

Vo = (1'1')1‘21 S KOO(N, F)

For each k¥ € N we denote pry
(>*(N,F) — F is the k-th projection with
pri.((w;)ien) = wg. Obviously

W ={popry; p€ F', ke N} CL*(N,F)
is separating and
popriof=¢oprio(fa)ns1 =90 fi

is holomorphic for every k& > 1. Then by
Lemma 4.1, f is holomorphic.
Since the space
G = {(w;)i>1 € (°(N, F) : lim w; exists}
- 1—00

is closed, by the hypothesis, f(z) € G for
all z € Dy. It follows from Lemma 4.2 that
f(z) € G for all z € D. Thus f(z) =
lim; ,~ fi(z) exists for all z € D. Note that
®: G — F given by ®((yi)ien) = im; 00 yi
defines a bounded operator. Therefore f =
do f is holomorphic.

Finally, in order to prove that (f;);>1 con-
verges uniformly on compact sets in D to f,
it suffices to show that (f;)i>1 is locally uni-
formly convergent in D to f. Since (fi)i>1
is locally bounded, by 27 [Proposition 6.1],
(fi)i>1 is equicontinuous at every a € D.
Let a be fixed point of D. Then for every

https://doi.org/10.52111/qnjs.2024.18302

balanced convex neighbourhood V of 0 in F'
there exists a neighbourhood U} of a in D
such that

fi(2)—fi(a) € 37V, V2 € UL, ¥i > 1. (4.1)

Since lim f; = f in D, we can find ig > 1
1—r 00
such that

fila) — f(a) €37V, Vi>ip. (4.2

By the continuity of f, there exists a neigh-
bourhood U2 of a in D such that

fla) = f(z) €37V, VvzeU2 (4.3)

From (4.1), (4.2) and (4.3), for all z € U, =
Ul NU2 for all i > iy we have

fiz) = f(z) e V. (4.4)
The proof of the proposition is com-
plete. O

We now can prove Theorem 1.2 as follows.

Proof of Theorem 1.2. As in the proof of
Theorem 3.1, for each n > 1, define the con-
tinuous linear map Ty, : F{ . — H(0Ocn) given
by

To(u) =uofn,, ue€F,.

By Theorem 3.5 in the research, 3 the se-
quence (T),(u))n>1 converges in H(Ocn) for
every u € F/ . Since F/ . is barrelled
(see the research 7 [13.4.2]) it follows that
the sequence (7,)n,>1 is equicontinuous in
L(F,.

topology. As in the proof of Theorem 3.1, by

H(0Oc~)) equipped with the strong

Theorem 3.2 in ° we deduce that there exists
a neighbourhood U of 0 € F}__such that

U 7.0)

n>1
is bounded in H(Ocn). By the regularity
of H(Ocn), we can find r € (0,79) such
that (,,~ T (U) is contained and bounded in
H>(Ap(r)). This yields that (fn)n>1 is con-
tained and bounded in H*(Ay(r), F). Since
for each z € An(r) the sequence (f“‘ez)"zl
is convergent in Aj(rg) C ¢,, by Remark 4.1,
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the sequence (f(2))n>1 is convergent for ev-
ery z € An(r). On the other hand, because
(fn)n>1 is bounded in H*>(Ay(r),F), by
Proposition 4.3 it follows that the sequence
(fn)n>1 is convergent in H(An(r), F). O
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TOM TAT

Nghién ctru nay tong hop vit liéu CeO, str dung hai tac nhan tao gel 1a tartaric acid (A) va polyvinyl alcohol
(P) bang phuong phap dbt chay. Cac dic trung duogc sir dung dé phén tich mau téng hop dwoc 1a DTA-TGA, XRD,
BET, SEM. Vit liéu tong hop & cac diéu kién téi wu dugc ting dung xir li methylene blue (MB) trong méi trudng
nu6e. Két qua phan tich MB cho thiy hiéu suét xir i dat gdn 80% & pH4, ndng d6 ddu vao cua chit 6 nhiém
10 ppm, ham lwong chét xuc tac 1 g/L.

Tiwr khéa: CeO,, PVA, tartaric acid, MB.
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ABSTRACT

The CeO, material was synthesized using two gelling agents: tartaric acid (A) and polyvinyl alcohol
(P) through the combustion method. DTA-TGA, XRD, BET, and SEM methods were employed to analyze the
characteristics of the synthesized material. The synthesized materials, prepared under optimal conditions, were

utilized for the treatment of methylene blue (MB) in water. The efficiency achieved nearly 80% at pH4 with an

input concentration of the pollutant at 10 ppm and a catalyst concentration of 1 g/L.

Keywords: CeO,, PVA, tartaric acid, methylene blue.

1. INTRODUCTION

Currently, environmental pollution poses
a significant global challenge, including in
Vietnam. Untreated or improperly treated waste
released into the environment pollutes the
soil, water, and air, directly impacting human
life. Various methods are being applied and
researched to treat pollutants, each with its own

set of advantages and disadvantages.

Recently, photocatalytic method using
CeO, catalyst has received research attention.
Research results showed the effectiveness of
CeO, in treating pollutants that are difficult
to biodegrade'? as well as pigments.** The
advantages of CeO, are manifested in its
structure. According to research,’ in the unit
structure of CeO,, the cation Ce*" was easily

*Corresponding author.

Email: nguyenvungocmai@qgnu.edu.vn
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replaced by Ce*". To compensate for the charge,
the part of the oxygen elements were lost and
created oxygen vacancies. Therefore, CeO, was
converted to the form CeO, . These oxygen
vacancies were the reason for their effectiveness
in catalytic reactions.

CeO, material was synthesized by many
different methods such as hydrothermal,® sol-
gel,” combustion method®...or a combination
of methods. The combustion method offers the
advantage of simplicity and the capability to
synthesize a large quantity of material. In this
study, two gelling agents, PVA and tartaric acid,
were combined. The addition of tartaric acid to
the reaction mixture enhanced its complexation
ability, provided additional heat, reduced the
concentration of PVA, and lowered the synthesis
temperature of the material.
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2. EXPERIMENT
2.1. Material synthesis process

Oxide nanoparticles of CeO, were synthesized
by the combustion method. The gelling agents
were dissolved in water with salt solutions of
Ce®" in appropriate molar ratios. The solution
was stirred and heated until transparent gel was
formed. The formation gel had high viscosity
and was dried for 2 hours at 110 °C. Finally,
it formed a puffy, spongy mass. Material
products were obtained after calcinating at
different temperatures. pH buffers were used
to investigate desire pH. The chemicals used in
this study were analytical quality.

2.2. Photocatalytic process

Research investigated the degradation of
MB via photocatalytic processes employing
CeO, nanoparticle oxides. Initially, a solution
containing a specified concentration of the
contaminant and catalyst was introduced into
the reactor system (250 mL). Following this,
the suspension was stirred in darkness for 60
minutes to establish an adsorption/desorption
equilibrium before irradiation. After that, the
mixture was lit by LED light with power 220 V,
30 W with different times. At specific time
points, approximately 5 mL of the mixture
was withdrawn, centrifuged, and subsequently
filtered to remove the residual catalyst
particulates for analysis. The concentration of
MB was determined using UV-Vis spectroscopy
(CE-2011) at a wavelength of 663 nm.

3. RESULTS AND DISCUSSION
3.1. Effect of calcination temperature

Different thermal analysis method was used
to investigate calcination temperature of dried
sample synthesized gelation temperature of
80 °C; pH4; Ce/AP ratio = 1/3; AP ratio = 1/1.
The results were shown in Figure 1.

TG (mg)

~Am (mg) -11.936

HeatFlow (mW)

T T T T T T T T
0 100 200 300 400 500 600 700 800 900
Sample Temperature (°C)

Figure 1. DTA — TGA of gel sample.

Figure 1 depicts a rapid weight loss
observed within the temperature range of 30
to 300 °C, attributed to both dehydration and
decomposition of PVA and tartaric acid within
the sample. This phenomenon aligns with the
distinct exothermic peak recorded at 236.09 °C
on the DTA curve. Subsequently, minimal mass
variation was noted above the TGA curve,
indicative of the formation of the pure product.

To examine the formation of CeO,
material, the sample underwent -calcination
at various temperatures. The outcomes are
illustrated in Figure 2.
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Figure 2. XRD diagrams of samples at different
temperatures a) 300 °C; b) 400 °C; c) 450 °C; d) 500
C; e) 600 °C; f) 700 °C.

The peaks located at 20 = 28.99; 33.39;
4791; 56.75; 59.1; 69.6; 76.5 and 79.47
correspond to the (111), (200), (220), (311),
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(222), (400), (331), and (420) crystal planes of
CeO,, respectively, according to JCPDS card:
34-0394.° These peaks began to appear at low
temperatures of 300 °C, and the peaks formed
more clearly when sample was calcined at higher
temperatures. Here the calcination temperature
of 400 °C was chosen for further studies.

3.2. Effect of pH

After choosing the appropriate calcination
temperature, the sample was surveyed to select
the optimal pH for the synthesis process. Sample
was kept at conditions: gelation temperature
80 °C; Ce/AP ratio = 1/3; AP ratio = 1/1;
calcinating temperature 400 °C and pH values
were changed by pH2, pH3, pH4. The results

were shown in Figure 3.

—~
ta,
—
~
~

Intensity (a.u)

20 30 40 50 60 70 80
2 theta (degree)
Figure 3. XRD diagrams of samples at a) pH2;

b) pH3; c) pH4.

Figure 3 distinctly displays the formation
of diffraction peaks specific to CeO,. The
findings indicate that pH did not significantly
influence the phase formation process of CeO,
oxide in this study. However, if the pH is low
(pH2, pH3), it can break the polymer chains of
PVA, reducing the uniform dispersion of metal
cations in the network. The appropriate pH here
is pH3, pH4. In the next study, pH4 was chosen.

3.3. Effect of Ce/AP ratio

The ratio of metal and the gelling agent mixture

were studied. The sample was synthesized at a

https://doi.org/10.52111/qnjs.2024.18303

gelation temperature of 80 °C; AP ratio = 1/1;
calcinating temperature 400 °C; pH4; and Ce/AP
ratios were changed at values of 9/1; 3/1; 1/1;
1/3; 1/9. Figure 4 showed the results of XRD

diagrams of the synthesized samples.

(111)

Intensity (a.u)

20 30 40 50 60 70 80
2 theta (degree)

Figure 4. XRD diagrams of samples with different
Ce/AP ratios a) Ce/AP = 9/1; b) Ce/AP = 3/1;
c) Ce/AP = 1/1; d) Ce/AP =1/3; ¢) Ce/AP = 1/9.

At ratios of Ce/AP = 9/1; Ce/AP = 3/1;
Ce/AP = 1/1 of the amount of agent used to form
complexes with metal ions were not enough,
resulting gels exhibited poor viscosity. When
forming gels at Ce/AP = 1/3 and 1/9, it ensured
the appropriate amount of gel-forming agent,
leading to high viscosity gels. Upon thermal
treatment, the products showed increased
porosity and more uniform particle sizes.
However, as shown in Figure 4, at the Ce/AP=1/9,
the peaks formed were higher and sharper
compared to the Ce/AP = 1/3. This may indicate
an increase in the crystal size of the obtained
material. Therefore, the Ce/AP = 1/3 was chosen

for further studies.
3.4. Effect of gel formation temperature

To investigate gel formation temperature, the
sample was synthesized at conditions Ce/APratio
= 1/3; AP ratio = 1/1; calcinating temperature
400 °C; pH4, and gel formation temperatures
were changed at 40 °C, 60 °C, 80 °C, 100 °C. The

results were shown in Figure 5.
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Figure 5. XRD diagrams of sample at different gel
formation temperatures a) 40 °C, b) 60 °C, c) 80 °C,
d) 100 °C.

The synthesis time for sample preparation
was observed to be prolonged, taking 8 hours
at 40 °C and 4 hours at 60 °C. Surprisingly, at
100°C, althoughthesynthesis duration was shorter
(an hour), the characteristic peaks of CeO, were
distinctly evident in the XRD pattern. However,
significant noise in the background suggested
potential instability in the product. Conversely,
at 80 °C, the synthesis duration of 2 hours was
sufficient for uniform distribution of metal ions
within the complexing agent's network, resulting
in clear and well-defined peaks of CeO, in the
XRD pattern. Consequently, a temperature of
80 °C was selected for synthesizing the desired
sample.

3.5. Material characteristic after choosing

optimum conditions

The CeO, oxide successfully synthesized
under the studied conditions was employed for
decomposing pollutants via a photocatalytic
process. This process was notably influenced by
factors such as grain size, material surface area,
and more. The material characterization results

are presented in Figure 6 and Table 1.

Figure 6. TEM image of CeO,.

Figure 6 showed that the oxide
nanoparticles of CeO, were spherical with an
average size of about 10 nm. When compared
with similar studies'®" that used only alone
gelling agent the results were shown in Table 1.

Table 1. Comparision of CeO, material formed by
using gel agents PVA, AT and mixture of PVA and AT.

Gel Calcination BET
References
agent | temperature (°C) | (m%g)
PVA 180 35.0 [10]
AT 600 38.57 [11]
AP 400 72.97 | This study

The calcination temperature of the sample
using the AP gelling agent mixture was lower
by 200 °C compared to the sample using AT
alone. Additionally, the specific surface area of
the sample using the AP gelling agent mixture
was nearly double that of the sample using
the gelling agent alone. This demonstrates the
advantage of employing a mixture of gelling
agents, PVA and AT. The combination enhanced
the ability to form complexes with AT and
achieve even distribution on the structural net
of PVA. The even distribution of heat reduced
the required heating temperature, resulting in a
final product with a larger specific surface area,
thereby creating favorable conditions for the
decomposition of pollutants. Figure 7 shows the
N, adsorption—desorption isotherms and the pore
size distribution plot of the CeO, samples.
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Figure 7. Nitrogen adsorption—desorption isotherm
and the pore size distribution plot for the synthesized
CeO, sample.

Figure 7 shows that the adsorption and
desorption isotherms of the CeO, material
samples exhibit type [V (according to the [UPAC
classification), characteristic of mesoporous
structures. The average pore diameter was
calculated using the BJH method to be 9.7 nm.

3.6. Photocatalytic process to decompose
organic pigment of CeO, material

3.6.1. Effect off catalyst concentration

The material was continued to research on
the influence of catalyst content on the MB
decomposition process. The initial concentration
of the pollutant was 10 ppm, pH 4, the catalyst
content was changed at values of 0.25 g/L,
0.5 g/L, 1 g/L, 1.5 g/L. The results were shown
in Figure 8.

The results demonstrated that as the
catalyst content increased, the efficiency of MB
treatment also increased over time, reaching its
peak at a catalyst content of 1.0 g/L after 7 hours
of treatment (80%). However, with a further
increase in the catalyst content to 1.5 g/L, the
efficiency of MB treatment decreased. This could
be attributed to the material's black color, which
potentially reduced the amount of light reaching
the material, thereby affecting the efficiency of
the pollutant treatment process.

https://doi.org/10.52111/qnjs.2024.18303
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Figure 8. Effectof catalyst contentto MB decomposistion
over time.

3.6.2. Effect of initial concentration

The initial pollutant concentration was changed
at 5 ppm, 10 ppm, 15 ppm at pH4, catalyst content
1 g/L. The results were shown in Figure 9.
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Time (hour)

Figure 9. Effect of initial concentration to MB

decomposition over time.

The initial concentration of the pollutant
greatly affected the pollutant treatment process.
MB concentration was increased; therefore, it
led to an increase in the amount of pollutants
in the reaction mixture. With the same catalytic
content and a certain number of active sites, the
amount of MB adsorbed on these active sites
were greater. Therefore, the number of active
sites were not enough to decompose this amount
of pollutant. The efficiency of decomposing
pollutants decreased.
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During photocatalysis, electron/hole pairs
are formed under appropriate light conditions.
Similar to the study by Le Thi Thanh Tuyen,’
under UV light irradiation, these electrons
further react with dissolved oxygen to generate
superoxide radical anions (O,"), while h" in the
valence band reacts with adsorbed water and
produces more hydroxyl radicals ("OH). These
strong oxidizing radicals are reactive species
which are mainly responsible for degradation
of MB.

4. CONCLUSION

Oxide nanoparticles of CeO, were successfully
synthesized under optimized conditions:
calcination temperature at 400 °C, pH4, Ce/
AP = 1/3, AP = 1/1, and gelation temperature
at 80 °C. The resulting nanoparticles exhibited
a spherical shape with an average particle size
of approximately 10 nm and a surface area of
72.97 m?/g, nearly doubling that achieved when
using either the gelling agent PVA (35 m%/g) or
AT (38.57 m?/g) individually.

The photocatalytic process utilizing these
CeO, nanoparticles demonstrated an efficiency
of 80 % in treating MB under conditions of pH4,
initial MB concentration of 10 ppm, catalyst
content at 1 g/L, and a reaction duration of
7 hours.
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Téng hgp vat liéu composite g-C,N,/Zn0 ting cudng
hoat tinh quang xuc tac duéi anh sang nhin thay
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TOM TAT

Vat li¢u composite ZnO/g-C N, da dugc tong hop thanh cong bang phuong phap nung don gian tir cac tién
chét g-C,N, va zinc acetate hexahydrate. Hinh thai, do két tinh, thudc tinh hinh hoc va lién két hoa hoc cua vt lidu
duogc dic trung bang cac ky thuat phan tich khac nhau nhu hién vi dién tir quét (SEM), nhiéu xa tia X (XRD), phd
phan xa khuéch tan tir ngoai kha kién (UV-Vis DRS), phd hong ngoai (FT-IR). Vit liéu dwoc danh gia hiéu qua
quang xic tac qua phan tmg phan huy dung dich rhodamine B (RhB) duéi 4nh sang nhin thay. Két qua cho thay
hoat tinh quang xtic tic cua vét liéu composite phan huy dung dich RhB cao hon céac vat liéu don ZnO, g-C,N,

v6i hang sb téc d phan mg phan hity 1a 0.0243 phut”, gép hon hai lan so véi g-C,N, tinh khiét (0.0091 phut™).

Twr khéa: g-C.N,, ZnO, composite, hoat tinh quang xuc tdac, rhodamine B.
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ABSTRACT

ZnO/g-C N, composite material was successfully synthesized using a facile calcination method with g-C.N,

and zinc acetate hexahydrate as the precursors. The morphology, crystallinity, optical properties, and chemical

bond characteristics of the synthesized composite were characterized by using various analytical techniques

such as scanning electron microscopy (SEM), Fourier-transform infrared (FTIR) spectroscopy, X-ray powder

diffraction (XRD), ultraviolet-visible diffuse reflectance spectroscopy (UV-Vis DRS). The material's photocatalytic

performance was evaluated through the decomposition of rhodamine B (RhB) solution under visible light. The

results show that the photocatalytic properties of composite materials decomposing RhB dye solution are higher

than those of single materials ZnO, g-C,N, with a decomposition reaction rate constant of 0.0243 min"', more than

twice as fast compared to pure g-C.N, (0.0091 min™).

Keywords: g-C.N,, ZnO, composite, photocatalytic activity, rhodamine B.

1. INTRODUCTION

Along witheconomic developmentnowadays, the
problem of environmental pollution is becoming
increasingly serious. Therefore, effectively
treating ecological decay is a challenging
problem at the global level. Environmental
treatment methods have been widely researched
and have achieved many good results, including
popular methods such as physics, chemistry,
and biology. Recently, an attractive method for
scientists to treat difficult-to-decompose organic
substances is using semiconductor photocatalytic

*Corresponding author.

materials. Among the semiconductors published
to date, metal oxides are the most studied due to
their chemical and photochemical stability, low
toxicity, and low cost.! Among the oxides, TiO,
and ZnO are of most interest.? ZnO is a potential
candidate for photocatalytic reactions due to
its high photocatalytic activity, environmental
compatibility, and relatively low cost and is
therefore widely used in wastewater treatment.>*

Zinc oxide (ZnO) is a widely researched
and widely used semiconductor in photocatalysis.
However, ZnO has a wide band gap energy (about

Email: nguyenthilan@gnu.edu.vn, phanthithuytrang@qnu.edu.vn
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3.37 eV), so it is less active in the visible light
region.’ It is an exciting idea to prepare a mix
with two photocatalysts by appropriate matching
band-level sites to reduce the electron—hole pair
recombination.®

Recently, g-C)N, material, a polymer
organic semiconductor with a graphitic-like
structure, can absorb visible light (the band gap
energy of about 2.7 eV), taking many interest
researchers due to its wide range of applications.
However, the fast recombination rate of
photoinduced electron-hole pair for this material
leads to its low photoefficiency. This is a drawback
when using it in individual status. Therefore,
many attempts to enhance the photocatalytic
performance of g-C,\N, by modifying it with
other elements have been made.”®

In this study, the ZnO/g-C\N, composite
was synthesized by a simple calcination method,
and its photocatalytic efficiency was determined
through the degradation of RhB under visible
light.

2. EXPERIMENTAL
2.1. Material synthesis
Chemicals

All the chemicals for materials synthesis, including
zinc acetate dehydrate Zn(CH,COO),.2H,0
(99.5%), urea (CO(NH,),, > 99%), rhodamine B
(CH,,CIN,O,) were purchased from Merck.

287731

Synthesis

The pure g-C,N, was prepared by heating urea
in an alumina crucible covered by an alumina
sealed with aluminum foil at 550 °C in the Argon
gas for an hour with a temperature ramping of
10 °C-.min’!. The obtained solid product was re-
grounded and denoted as g-C,N,.

The g-C,N,/ZnO was synthesized through
the calcination facile method. Firstly, 100 mg
of g-C,N, was a mixture with 200 mg of zinc
acetate dehydrate Zn(CH,COO),.2H,0. Next,
the mixture was ground finely and calcined
in the air at 350 °C for 1 hour. The solid was

filtered, washed, and dried at 80 °C for 24 hours
to obtain the composite product ZnO/g-C.N,
(denoted as ZCN). ZnO was also synthesized
similarly to the above conditions but without
g-C,N, (marked as ZnO).

2.2. Characterization

Powder X-ray diffraction (PXRD) patterns
were acquired using a Bruker diffractometer
(D/max 2200) with Ni-filtered Cu Ka radiation
(k = 1.5418 A), power 40 kV, current 40 mA.
Scanning angle from 10 to 80°. The Fourier-
transform infrared (FT-IR) spectroscopy was
carried out on an IRAffinity-1S spectrometer
(Shimadzu) with wavenumbers ranging from 400
t0 4000 cm™. The composition of the element was
determined by EDS spectroscopy. UV-Vis-DRS
spectra of material samples were determined
on a Jasco-V770 machine with wavelengths
from 200 - 800 nm. The morphology and size
of the synthesized samples were characterized
by scanning electron microscopy (SEM, JEOL
JSM-600F).

2.3. Photocatalytic properties
Rhodamine B (RhB, C,;H, CIN,O,) was selected

as an organic pollutantztgo élfaluate photocatalytic
activity. To 100 mL of 10 mg/L RhBsolution,
0.05 g of prepared sample was dispersed under
stirring, and the solution was kept in a dark
condition for 30 min. Then, the solution was
irradiated by visible light using a 30 W LED
lamp source. RhB degradation was monitored
by taking suspension at irradiation time intervals
of 20 min. Each suspension was centrifuged
to separate the catalyst from the RhB solution.
Subsequently, the degradation rate was calculated
as a function of irradiation time from the change
in absorbance at a wavelength of 553 nm as
measured using a UV-Vis spectrophotometer
(Jenway 6800).

3. RESULTS AND DISCUSSION
3.1. Material characteristics
The X-ray diffraction patterns of ZnO, g-C,N,

and ZCN composite are shown in Figure 1. The
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patterns show that the photocatalysts are well
crystallized, the pure g-C\N, sample has two
distinct peaks at 12.87° and 27.69°, which are
indexed for graphitic materials as the (100) and
(002).° The peak at 12.87° represents stacking of
aromatic units corresponding to the interplanar
distance of 6.82 A. The strong peak at 27.69° is
interlayer packing of aromatic tri-s-triazine with
a stacking distance of 3.22 A.'® Meanwhile, the
diffraction peaks at 20 = 31.76°, 34.44°, 36.26°,
47.56°, 56.64°, 62.94° va 68.19° in XRD patterns
of ZnO, corresponding to the (100), (002), (101),
(102), (110), (103) and (112)." The XRD peaks
of the pure ZnO sample agree with the hexagonal
wurtzite structure (JCPDS No. 001-1136). The
locus and shapes of characteristic peaks of ZCN
are unchanged compared with those of pure
Zn0O. This demonstrated that modification with
g-C\N, does not affect ZnO's lattice structure,
which is suitable for photocatalytic properties
of as-prepared hybrid photocatalysts. As for a
combination, the ZCN composites show the
X-ray patterns analogous to the X-ray patterns
of the components. The diffraction peaks of both
ZnO and g-C,N, phases are observable.

(002)

(100) A g-C3N4

+ .+
| A +  + + + ZON
101

3 (002 oo -Gl
©
; (100) +Zn0
2 (102) (10103)(112)
£ JU e oz

JJCPDS No. 001-1136 ZnO ‘ ‘

60 70 80

10 20 30 40 50
2 theta (degree)

Figure 1. XRD patterns of g-C.N,, ZnO, and ZCN.
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The bond structure of ZnO, g—C3N4,
and ZCN composite were analyzed by FT-IR
measurement. Figure 2 shows that the spectrum
of g-C,N, has found some strong bands in
the 1616 -1200 cm™ range, corresponding to
typical stretching vibrations of C-N, C = N
heterocycles.'? The peak at 800 cm™' was assigned

https://doi.org/10.52111/qnjs.2024.18304

to the s-triazine ring vibrations. While the peaks
at 1616, 1560, 1461, and 1405 cm™ were ascribed
to stretching vibrations of heptazine-desired
repeating units. The peak at 1313 and 1232 cm’!
belonged to the stretching vibration of connected
trigonal units of C-N(-C)-C of bridging C-NH-C
(partial condensation)."* Meanwhile, the broad
absorption band 3300-3000 cm™ and a small peak
at 891 cm™! can be ascribed to the N-H stretching
vibrations and bend vibration, respectively.'*!”
With the ZnO sample, there was a Zn-O bond
vibration band at 550-450 c¢cm™.'® In general,
all the characteristic peaks of ZnO and g-C,N,
appeared in the spectra of ZCN. Combined with
the XRD and FT-IR analysis, it reconfirmed
the successful synthesis of the ZCN composite.
The result showed a strong interaction between
g-C,N, and ZnO semiconductors.

Intensity

8ot |
1232 798

Zn0

4000 3500 3000 2500 2000 1500 1000 500
Wavenumber (cm™)

Figure 2. IR spectra of ZnO, g-C,N, and ZCN.

The morphologies of ZnO, g-C,N, and
ZCN samples are indicated through SEM images
in Figure 3.

* -
Figure 3. FE-SEM image
and EDS image of ZCN.

s of ZnO, g-CN,, ZCN,

374
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The results show that a typical multi-
layered structure of graphitic carbon nitride
corresponds to the in-plane structural packing
pattern of tri-s -triazine building blocks. Figure 3
indicates that the ZCN material has micropores
with large diameters. SEM image of ZnO in
uneven sheet form, flat surface. After combining
with g-C.N,,
significantly. This change in morphology can be

the morphology of ZCN changed

ascribed to the surface deposition of g-C,N, on
the ZnO. The thin nanosheets encircled ZnO can
be ascribed to g-C,N, nanosheets. The ZnO core
was uniformly beset with thin g-C,N, flakes."
These results further confirm the successful
formation of the heterostructure of ZCN. Figure 3
shows enough presence of elements Zn, O, C, and
N in a composite sample of the EDS spectrum.

UV-vis  diffuse
investigated optical absorptions of g-C,N,, ZnO,
and ZCN (Figure 4).

reflectance  spectra

0.8+ @

0.6
ZCN

0.44 ?

0.2 4

Abs.

The results show a clear fundamental
absorption edge of ZnO at 395 nm, and the
band gap energy is determined to be 3.08
eV. Meanwhile, the main absorption edge of
pure g-C.N, occurs at a wavelength of about
445 nm and a band gap energy of 2.85 eV. As
expected, compared with pure ZnO, the ZCN
photocatalyst shows the same absorption edge,
but the absorption extends to the visible light
in the presence of g-C,N,. This result can be
expected to be that the photocatalytic reaction of
ZnO is improved under visible light irradiation
when g-C,N, is introduced into ZnO and leads to
charge transfer between g-C.N, and the valence
band of ZnO.

3.2. Photocatalytic properties of materials

The photocatalytic activity of the decomposition
of RhB solution (10 mg/L) by LED lamp 30 W
of materials is shown in Figure 5.

c/co

0.0 4

ZCN

0.0 4

hY
g-C.N,

350

400

450

500

550

600

650

Wavelength (nm)

(b)

0.08 -

"\ / { }
18 20 22 24 26 28 30 32 34
Eg (eV)
Figure 4. UV-Vis-DRS (a) and band gap of ZnO,
g-C\N, and ZCN (b).

0 20 40 60 80 100 120

Time (min)
Figure 5. Decolorization kinetics of RhB over ZnO,
g-C)N, and ZCN under visible light irradiation

(conditions: m__
catalyst

= (.05 g; concentration of RhB =
10 mg/L; adsorption time = 30 min).

Before evaluating the catalytic activity,
the material samples were adsorbed in the dark
for 30 minutes to reach adsorption/desorption
equilibrium. Figure 5 shows that the ZCN
sample exhibits higher photocatalytic activity to
decompose RhB than the single ZnO and g-C,N,
after 120 minutes of illumination. Specifically,
the photocatalytic efficiency of samples ZnO,
g-C3N4’ and ZCN is 6.68%, 67.27%, and
94.75%, respectively, while ZnO has almost

https://doi.org/10.52111/qnjs.2024.18304
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no photocatalytic properties. The improved
photocatalytic activity of the composite is due
to the synergistic effect of ZnO and g-C\N,.
The connection of two semiconductors (ZnO
and g-C,N,) will form a heterojunction at the
contact surface. And the formed heterojunctions
are beneficial to the effective separation of
charge carriers. The presence of g-C.N, in the
ZCN sample overcomes the disadvantage of
photogenerated electron-hole recombination that
occurs in individual semiconductor materials.

304 = zno,k=0.0004,R?=0.98 N
® g-C3Ny, k=0.0091, R2 = 0.99

2.5+ A ZCN-2, k=0.0243, R2 =0.99
2.0 4
74
[$]
S 151
O A
£
1.0 -
0.5 4

0.0 n o o o =

0O 20 40 60 8 100 120

Time (min)

Figure 6. Plot of Langmuir-Hinshelwood model of
Zn0, g-C,N, and ZCN materials.

Toinvestigate the kinetics of photocatalytic
reactions, the Langmuir—Hinshelwood model is
usually employed (Figure 6). It can be observed
that the plots of In(C /C) versus reaction time (t)
are well fit by the pseudo-first-order rate model
with high correlation coefficients R? (0.99-1).

The results show that the ZCN catalyst
has the highest reaction rate (0.0243 min™),
which is 2.76 times higher than g-C\N,, and
is much more significant than ZnO material.
This result indicates that adding g-C,\N, to
ZnO significantly improved the photocatalytic

activity of pure ZnO.
4. CONCLUSION

ZCN material is synthesized by a simple
calcination method. This heterostructure shows
the ability to effectively capture and store charge
inthe visible light region, significantly improving

https://doi.org/10.52111/qnjs.2024.18304

the photocatalytic efficiency of the material in the
decomposition of RhB in a water environment.
The reaction follows a Langmuir-Hinshelwood
model with a calculated rate constant of 0.0243
min'. The ZCN composite material exhibits
good heterojunction between ZnO and g-C,N,
and is a promising semiconductor material for
decomposing organic dyes in water solution by

photocatalysis under visible light.
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ABSTRACT

Aczél inequality was first proposed in 1956. Then it has been considered by many mathematicians. Thus its

generalizations and applications were published. In this paper we establish integral versions of some generalizations

of Aczél’s inequality. As a consequence, we obtain integral types of Aczél’s inequality and Bellman’s inequality.

Keywords: Aczél-type inequality, Bellman’s inequality, Popoviciu’s inequality.

1. INTRODUCTION

In 1956, a famous result of J. Aczél was published

in the research! stated as follows.

Theorem A (). If a1, as,...,an, by, ba,... by,
are positive real numbers such that a3 > a3 + a3 +

o4 a2 and b3 > b3+ b3 + - + b2, then

n n n 2
(a% — Z af) (b% — Z b?) < <a1b1 — Z aibi)
=2 .

=2 1=2

(1)

Inequality (1) was later called ‘Aczél’s inequal-
ity’. In 1959, the first extension of (1) was provided
by Popoviciu® and later called ‘Popoviciu’s inequal-

ity’ stated as follows.
Theorem B (3). Let p, q be positive real numbers

1 1
such that — + — =1 and let ay,...,ayn, b1,..., b,
p q

*Corresponding author.

Email: lamthithanhtam@gqnu.edu.vn
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be positive real numbers such that o} > a¥+---+a?,

and by > b3 4 --- + bl. Then

n 1/p n 1/q n
(a’l’ - Zaf) (b’f - be) <arb — Zaibi.
i=2 =2 =2
(2)

The next result is the famous Bellman’s inequal-
ity. Although this inequality was discovered in 1934
by Hardy et al.?, it is also considered as a Aczél-

type inequality. Let us recall this inequality.

Theorem C (?). Let ay,...,an, b1,...,b, be pos-

itwe real numbers and p > 1. If a > ab +--- +a?,

andbf>b‘g+-~+bp then

n’

n 1/p n 1/p
(afZaf) +<bbef)
i=2 i=2

n

(a1 +b1)” =) (a;i +b;)?

=2

1/p

- 3)

<
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Recently, some generalizations of inequalities
(2) and (3) are presented by Chang-Jian Zhao and
Wing-Sum Cheung.? These results are stated as the

following theorems.

Theorem D (4

~—

Let p, q be positive real numbers

1 1
such that — + — = 1 and let a;,b;, a5, (1 =
q
1,...,n,5 = 1,...,m) be positive real numbers
such that
n m m n
(-2) - (S-S >0
=2 j=11i=2
n m m n
(s1-30) - (-2
i=2 j=1 j=11i=2
aﬂ a]‘n
7= =7 J = 17 , 1M
bj1 bin
Then

Zaylbﬂ - Zzaﬂ ji

<a1b1 Z ab )

j=1i=2
" mon 1/p
(- 3e) - (-3
j=1 =1 i=2
1/a
o (r-2) - (Sm-Tem
=1 =1 i=2

(4)
Theorem E (4> Letp > 1, ai,bi,aji,bji (] =

,- ., n) be positive real numbers such

j=1 j=11i=2
a1 a9 a
JL __ n _
b - b - - b’ J= 17 27 ,
j1 2 in

Then
((al +01)P = > (@i +0:)” ) = | (a1 +bj1)
i=2 j=1
- Z (aﬂ + bﬂ)
=1 i=2
> |(-3) - (Z bS5
=2 j=1 Jj=11i=2
n m m n 1/p
< (r-2) - (S-S
i=2 j=1 =1 i=2

In the present paper we establish integral ver-
sions for inequalities (4) and (5). As a result, re-
spective integral versions of inequalities (1) and (3)

are obtained.

2. MAIN RESULTS

We first establish an integral version of inequality
(4) in Theorem D as follows.

Theorem 2.1. Let A,B, A;,B; (j = 1,...,m)
be positive real numbers. Let f, g, fj,g; (7 =
1,...,m) be positive Riemann integrable functions

on [a,b] such that

Uy —Usy >0, (6)
Vo= Vam >0, (7)
ﬁz —Aj, Vo€ fab], j=1,2,...,m, (8)
where

b
Uy = A? — /fQ(x)dx,

b

Vo =B? - /gQ(x)da:,

a

m m b
=>4 -Y [
j=1 J=17

m m b
=38 =Y [ G
j=1 j=1
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Then

[WQ - WQ,m]z 2 [UQ - U2,m] X [V2 - V2,m] ) (9)

where
b
Wy = AB — /f(x)g(x)dm
m m b
Wom = ZAij — Z/fj(a:)g](m)dm
j=1 j=1

Proof. For any positive integer n, we choose an

equidistant partition of [a,b] by n + 1 points

o <X <--- < Ty,

—a

with xg = a, x; = a +1 A =2 — X1 =
b—a

n

,1=1,2,...,n. Due to (6) and (7), it follows
that there exists a positive integer number N such
that for all n > N we have

<A2 =3 P (wie) A$> -

i=1

[un

j=1 j=11i=1

and

<B2 — Zgz (-%'i—l) Az
i=1

~_—
I

j=1 j=11i=1

- (Zb? —ZZQ i 1)Aw>
It follows from (8) that
, b—a
AGIEE=

95 (aJr(il)b;a)

for j = 1,2,...,

m and i = 2,3...,n. Applying

Theorem D with

1
p:q:§,a1:A,b1 B (ljl—A bglsz,

https://doi.org/10.52111/qnjs.2024.18305

forj=1,...,

aj; = [ (a+(i—1)

b=y (=)

m, 1=1,...

b—a

b—

, 1, we obtain

(AB — Zf (l‘ifl)g (.Tifl) (Al‘)% ;> —
i=1

X
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n

j=11i=1

i=1

n

i=1

(ZB2 3 g2 (o 1)Am>

m

(z/f S5 2

Jj=11i=1

<32 = g% (i) AI) -

j=11i=1

1/2

- (ZAJBJ SN fi @ic1) gy (@im1) (Az) 2 5)
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Since f, g, fj, g; are Riemann integrable on [a, b],
SO are f27 927 fg’ f]27 957 and f]g] (-] = 17"',m)'
Letting n — oo in both sides of (*), we obtain (9).

The proof is complete. O

In the case of m = 1, we get an integral type of

Aczél’s inequality (1):

Corollary 2.2. Let A > 0, B > 0, and let f,g
[a,0] — (0,00) be Riemann integrable functions
such that A®> > ff2 Ydx and B? > fg
Then

b b

<A2—/f2(m)dx —/gQ(x)da:)
b
<48~ [ rgas | - o

By using a similar method in the proof of The-
orem 2.1, we get the following result, which is an

integral version of inequality (5).

Theorem 2.3. Let p > 1, A > 0, B > 0. Let
aj, b, (j=1,...,m) be positive real numbers. Let
f7 g, fj?.gj (]:177

tegrable functions on [a,b] such that

m) be positive Riemann in-

Up —Upm >0, (11)
Vo = Vom >0, (12)
filx) _a; ,
==, x € la,b], j=1,2,...,m, (13)
gi(z) b, .0
where

m m b

BN
Then
[Hy — Hypn]"? 2 [Up = Uy /? + [V = Vo] 7,

(14)
where
b
:M+BV—/U@Hﬂ@W¢E

-y (a; +b;)? Z/ x) + gj(2)]" dz.

j=1
Proof. For any positive integer n, we choose an
equidistant partition of [a,b] by n + 1 points

To <X < -+ < Ty,

. . b—a
with 2o = a, v; = a +1 A =2 —

b—a

Ti—1 =

,i=1,2,...,n. Owing to (11) and (12), there

exists a positive integer number N such that for all

n>N
(Ap—zn:fp ("Eil)A$> —
i=1
-(S4-EXgena) >0
j=1i=1
and

(Bp - ng (zi-1) Ax) -
i=1

m n

pr Zng (2i-1) > 0.

j=11i=1

Since (13) , it follows that

fila) (Ax)'?

] .
A A =i =1,2,...,m.
g;(z:) (Ax)'/? Bj

Applying Theorem E with a; = A, by = B, and for

https://doi.org/10.52111/qnjs.2024.18305

Quy Nhon University Journal of Science, 2024, 18(3), 45-50 | 49



QUY NHON UNIVERSITY

I SCIENCE

aji=A;,  bj=Bj,
ai = f (2i-1) (D)7,
bi =g (wi1) (Ax)'7,
aji = fi (zio1) (Ax)"/P

bji = gj (wi-1) (Az)"/?

we get

{(A+B

m

— [ D4+ B))r-

ﬁ.
i M:
I

(xiz1) + g (ziz 1)]pr>—

j=1
m n 1/p
B Z Z [fj (xic1) + g5 (wi1)]” Az
J=1i=1
(Ap - z”: fP (i) Aw) -
z:lm ! 1/p
DAL= DA @i Aa
Jj=1 j=1i=1

1/p

(**)

Since f, g, fj,g; are Riemann integrable on [a, b],

it follows that f?, g9, (f + 9), f}, gf, (fi +9;),

j=1,...,m are also Riemann integrable on [a, b].
Letting n — oo in both sides of (**), we obtain

(14). The proof of Theorem 2.3 is complete. O

By setting m = 1 in (14), we obtain an integral

version of the famous Bellman’s integral as follows.

08

Corollary 2.4. Letp > 1, A > 0, B > 0. Let

f and g be positive Riemann integrable functions

on [a,b] such that AP > ffp )dxz and BP >

b
[ ¢*(x)dz. Then

b 1/p b 1/p
AP — / fP(z)dx - / 9" (x)
a b a 1/p
<|@snr- [ @+ @)
(15)
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